Chapter 5 

Magnetostatics 


Problem 5*1 

Since v x B points upward, and that is also the direction of the force 
terms of a and d r use the Pythagorean theorem: 


q must be positive. To find H, in 


(. R-df +a 2 = R 2 =► R 2 - 2Rd + d 2 + a 2 = R 2 =>R = 


a 2 + d 2 

2d~~ 


The cyclotron formula then gives 


p = qBR — 


qB 


(a 2 + d 2 ) 

2 d ' 


R{ 


\R 

a 


Problem 5.2 

The general solution is (Eq. 5.6): 


y{t) = C\ cos(wt) + C 2 sinfwi) + — t + Cr, z(t) — C% cos(wf) -- Ci sin {ut) + C4. 

H 


(a) j/(0) — 2(0) — 0; i/(0) = EjB\ 2(0) = 0* Use these to determine C \ , C 2 , C3, and C 4 * 
y{ 0) = 0 Ci + C 3 = 0; y{ 0) = uC 2 + E/B - E/B ^ C 2 = 0; 2(0) = 0 => C 2 + C 4 = 0 => C 4 = 0; 
z(0) = 0 => Ci “0, and hence also C3 = 0. So y(t) = Et/B; z(t) = 0, Does this make sense? The magnetic 
force is q(\ xB) = —q(E/B)B z = — gE, which exactly cancels the electric force; since there is no net force, 
the particle moves in a straight line at constant speed. / 


(b) Assuming it starts from the origin, so C3 — —Ci, C 4 — — C 2 , we have 2(0) = 0 

«°> = i =» + 1 = i =*■ c > = -£r = - c « »") = »"("') + 

, (0 = „___ cosM ) + ___ ) or 


Cl = 0 C 3 = 0; 


y(() = 2^B [2wt_SinM)]; z{t)= ^B 


[1 — cos(art)] . 


Let 0 = B/ 2 ljB. 


Then y(t) = 0 [2wf - sin(wf)] ; z(t) — 0[l — cos(<jt)] ; (y - 20u4) = -/3sin(wt), (z — / 3) = -/3cos(tJt) => 

(y - 20uit) 2 + (z — 0) 2 ~ 0 2 . This is a circle of radius 0 whose center moves to the right at constant speed: 
Jlo = 2,5wt; z 0 = /?• 

(c) 2 ( 0 ) = y(0) = | =» -Ciw = | =» Cl = -C 3 = | = | =► C 2 = C 4 = 0. 
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E E 

y{t) — — — [I +ut — cos(ud)] ; z (t) = — ~ sin(cjf), 
ujB uB 


E EE E 

y{t) = - — cosM) + gt + — ; z(t) = — sin M). 

Let 0 = E/coB] then [y — 0(1 + ud)] — -0co&(u>t) i z — 0sm(ut ); [i/ — /3(1 + tat)] 2 + z 2 = This is a circle 
of radius /? whose center is at yo = /?(! + ad), zq = 0, 




Problem 5.3 

(a) From Eq. 5.2, F — g[E + {v x B)] = 0 => E — vB 


V= B • 


(b) From Eq. 5.3, mu = gBR => “ = -™r — 

m 


£ 


Problem 5.4 

Suppose / flows counterclockwise (if not, change the sign of the answer). The force on the left side (toward 
the left) cancels the force on the right side (toward the right); the force on the top is IaB = Iak(aj 2) = 
Ika 2 / 2, (pointing upward), and the force on the bottom is IaB ~ —Ika 2 / 2 (also upward). So the net force is 

F = 


Ika 2 z. 


Problem 5.5 

(a) 


A" = 


27ra J 


because the length- p erpendicular- to-flow is the circumference. 


(b) J = ~ I = [ J da — a [ —s ds d<j> = 2ttq / ds = 2?raa => a = : J — 

s J J s j 2ira 


2t ms 


Problem 5.6 


(a) v = car, so iC =■ gear. (b) v = wrsin # 0 => I J = pear where p = Q/(4/3)ttJ? 3 . 


Problem 5.7 


~ ~ f prdr = f ( J rdr = — /(V ■ J)r dr (by the continuity equation). Now product rule #5 

dt d£ jy y \ ai / y 

says V ■ (xJ) — x(V ■ J) + J ■ (Vx). But Vx = x, so V ■ (xJ) = x(V - J) + J x , Thus / v (V ■ J)xdr = 

/ V ■ (xJ) dr — / dr. The first term is f s xJ ♦ da (by the divergence theorem), and since J is entirely 

J v Jv 

inside V, it is zero on the surface S . Therefore / v (V ■ J)xdr = — / v J z dr, or, combining this with the y and 

dp f 

z components, J v ( V * J)r dr = — j y J dr. Or, referring back to the first line, — — j J dr. qed 

Problem 5.8 

(a) Use Eq. 5.35, with z = A, $2 = —9\ = 45° , and four sides: B = 


V^fipl 
i tR 


(b) z — R , 8 % — — 8 \ — — , and n sides: B — 

71 
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Problem 5.10 


(a) The forces on the two sides cancel. At the bottom, B — ==> F — ( la — — - (up). At the 

v ' 2 t ts \ 2i ts J 2ns 


top, B — — — 7 => F — - (down)* The net force is 

^ 2 tt(s + g) 2?r(s + a) 


fioI 2 a 2 
2 tt$(s + a) 


\2l TSj 

(up). 


(b) The force on the bottom is the same as before, fiof 2 /2 tt (up). On the left side, B — z; 


2 ? xy 

dF — I(dl x B) — I(dx x + dyy + dzi) x ^ z^J — ^~—{—dx y + dy x). But the x component cancels the 


\2ny J 2 t ty 

n 0 P r(s/'/3+a/2) j 

corresponding term from the right side, and F y = — - — / - dx. Here y — \/3x, so 

2tt J g J 


f $/V% 


V 



Problem 5.11 

Use Eq. 5.38 for a ring of width dz , with / — > nl dz: 
(IqtiI 


B = 


J ( d 2 + z 


2 J (a 2 + z 2 f > 2 

a 1 

sin 2 0 


so dz — — d9, and 


dz. But z — o. cot 6 , 
sin 3 $ 


So 


B = 


{a 2 + z 2 f /2 « 3 

(lonl f a 2 sin 3 # . yonl 



n 


3 sin 2 9 


{ — q, dO ) = J sin 0 dO = 


tlQjlI . $ 2 

— COS0 U - 


Mo nl 


(cos $2 — COS0i). 


For an infinite solenoid, 02 = 0, 9\ — tt, so (cos 02 — cos#i) = 1 — (—1) — 2, and B ~ fionl. J 
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Problem 5.12 


AV 


Magnetic attraction per unit length (Eqs. 5.37 and 5.13); f m = — 

2tt d 

Electric field of one wire (Eq. 2.9): E = - . Electric repulsion per unit length on the other wire: 

Into s 

1 A 2 1 

fe — t ■ They balance when , or 

into a 


v — 


1 


1 


V — 




Putting in the numbers, 


>7(8-85 x 10 _12 )(4 tt x It)- 7 ) 


3.00 x 10 K m/s. This is precisely the speed of ligkt(l), so in fact you could 


never get the wires going fast enough; the electric force always dominates . 

Problem 5.13 


(a) <j> B « d\ — B 2l TS — poAinc => 

pa pa 

(b) J = ks; I — / J da ^ ks(2ns) ds — 

Jo Jo 


f 0, 

for s < a; ) 

B = { Pol 1 
\ ^ 

for $ > a, J 


2 nka 3 


=> k = 


3/ 


2ttA t 5 3 r s 


= /-r, for s < a\ / C nc — for s > a. So 



fenc = / J da = ks(27V$) ds = 

■/ 0 Jo 


Problem 5.14 

By the right- hand- rule, the field points in the -y direction for z > 0, and in the +y direction for z < 0. 
At z = 0, B — 0. Use the amperian loop shown: 

<j> B * dl = Bl = Mo/enc = tiolzJ - 


so 




— pLoJay, for z > 
■hptoJay, for £ > 


+a; 1 
-a, / 


■f.ioJzy (-a < z < a). If 

£ 

Z Cl, /gjic — , 

amperian loop 



. i 





* y 


l 


Problem 5.15 

The field inside a solenoid is /i 0 n/, and outside it i s zero. The outer solen oid's field points to the left {—ft). 


whereas the inner one points to the right (+z). So: (i) B = ti 0 I(m - n 2 ) z, (ii) B = -fi Q In 2 z, (iii) B = 0. 


Problem 5.16 

From Ex. 5.8, the top plate produces a field fioK/2 (aiming out of the page , for points above it, and into 
the page , for points below). The bottom plate produces a field ftoK/2 (aiming into the page , for points above 
it, and out of the page , for points below). Above and below both plates the two fields cancel; between the plates 
they add up to (IqK, pointing in , 


(a) B — tioov (in) betweem the plates, | B — Q elsewhere. 


(b) The Lorentz force law says F — /(K x B) da , so the force per unit area is f = K x B. Here K — 


(TV, 


to the right, and B (the field of the lower plate) is pL 0 av/2, into the page. So f m — fi Q a 2 v 2 / 2 (up). 
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(c) The electric held of the lower plate is cr/2c 0 ; the electric force per unit area on the upper plate is 


/ e = <r 2 /2eo (down). They balance if p Q v 2 = l/e 0 > or v ~ 1/v^o = c (the speed of light), as in Prob. 5T2, 


Problem 5,17 

We might as well orient the axes so the field point r lies on the y axis: r — (0, y , 0), Consider a source point 
at {x\y l ,z T ) on loop #1: 

ji — - x ' x + (y - y') y - z* A; dl' = dx' x + dy f y ; 


dl* x * — 

dBi = 


x y z 

dx 1 dy f 0 

-x 1 iy-y*) 


= (— z' <V) x + ( z* dx 1 ) y + [(y - y*) dx 1 + x l dy* ] z. 
Pol dV /*>/ (-z' <V) x + (z' dx') y + [(y - yQdff' + x'dy'jz 


47T 4 3 


4tt 


Now consider the symmetrically placed source element on 
loop #2, at (x\y\—z , ) r Since z* changes sign, while every- 
thing else is the same, the x and y components from dB\ and 

dBa cancel, leaving only a z component. qed 
With this, Ampere’s law yields immediately: 


K *') 3 + (y - v'f + m 

Z 


2i3/2 


(nonlz,. 

inside the solenoid; 

“\o, 

outside 


(the same as for a circular solenoid— Ex, 5.9). 

For the toroid, N/2ivs = n (the number of turns per unit 
length), so Eq. 5.58 yields B = /x 0 n/ inside, and zero outside, 
consistent with the solenoid. [Note: N/2 tt$ — n applies only 
if the toroid is large in circumference, so that s is essentially 
constant over the cross-section ,1 



Problem 5,18 


It doesn’t matter. According to Theorem 2, in Sect. 1.6,2, / J ■ da is independent of surface, for any given 


boundary line, provided that J is divergenceless, which it is, for steady currents (Eg. 5.31). 


Problem 5.19 


(a) p= = (em ( J_) {d ), where 

volume atom mole gram volume \ M J 

e — charge of electron = 1.6 x 10“ 19 C, 

N — Avogadro's number = 6.0 x 10 23 mole, 

M — atomic mass of copper — 64 gm /mole, 

d — density of copper = 9.0gm/cm 3 . 


1.4 x 10 4 C / cm 3 . 


1 


P=( 1.6 x 1(T 19 )(6.0 x 10 23 ) (jpj = 

(b) J — pv => v ns 2 p tt( 2.5 x 10 _3 )(1.4 x 10 4 ) 

is astonishingly small— literally slower than a snail’s pace. 

(4tt x 10“ 7 ) 


9.1 x 10“ 3 cm/s, or about 33 cm/hr. This 


(c) From Eq. 5.37, f r 


_ Mo ( hh \ _ 

2tv \ d ) 


2?r 


2 x 10 -7 N/cm. 
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($) £ ffl - £'-• -- 

= l/v^w = 3.00 x 10* m/s. Here A = £ = = 


1.1 x 10 


/e = (1.1 x 10 25 )(2 X 1(T 7 ) = 2 X 10 18 N/cm. 


Problem 5,20 

Ampere’s law says VxB = /jqJ. Together with the continuity equation (5.29) this gives V (V xB) = 
p 0 V ■ J — —podp/dt, which is inconsistent with div(curl)— 0 unless p is constant (magnetostatics). The other 
Maxwell equations are OK: V x E — 0 => V ■ (V x E) = 0 (/), and as for the two divergence equations, there 
is no relevant vanishing second derivative (the other one is curl (grad), which doesn’t involve the divergence). 

Problem 5.21 

A t this stage Pd e xpect no changes in Gauss’s law or Ampere’s law. The divergence of B would take the 
form V * B = QoPmi where p m is the density of magnetic charge, and qq is some constant (analogous to cq 

and po). The curl of E becomes V x E = where J m is the magnetic current density (representing the 


flow of magnetic charge), and /3 q is another constant. Presumably magnetic charge is conserved, so p m and J m 
satisfy a continuity equation: V ■ J m = —dp m jdt. 

As for the Lorentz force law, one might guess something of the form g m [B + (v x E)] (where q m is the 
magnetic charge). But this is dimensionally impossible, since E has the same units as vB. Evidently we 
need to divide (v x E) by something with the dimensions of velocity-squared. The natural candidate is 


c 2 = 1/ €qPq: 


F^ 9 e|E+(vx B)] + g m 


B-^(vx E) 


In this form the magnetic analog to Coulomb's 


law reads F = — r , so to determine ao we would first introduce (arbitrarily) a unit of magnetic charge, 

4tt r l 

then measure the force between unit charges at a given separation. [For further details, and an explanation of 
the minus sign in the force law, see Prob. 7.35,] 

Problem 5,22 


y/z 2 ~+'. 


Po f I z pol * f z ' 4 

= ^ 2 ['” (» + v , . 1 + « 1 )]|" = 


JL dl=dz 


t*L ^ 

22 + \f{z 2 ) 2 + S 2 

z 

4tt 

_2 1 + \/{z\) 2 + S 2 _ 



1 


1 


dA * pqI 

B = VxA = ™<|) = ^ , , — . 

9s 4 tt ^2 '+ \/{Z2) 2 + s 2 yj{z 2 ) 2 + S 2 Z\ + yf {z\) 2 + S 2 y/ \z\) 2 + S 2 




Pols 
4 7T 

Pols 


*2 - y /(* 2) 3 + 1 

(z 2 ) 2 - \{z 2 ) 2 + s 2 ] +s 2 z\ - [(^i) 2 + a 2 ] y/( Zl ) 2 +s 2 


2l - i/( Z l) 2 + S 2 1 


0 


( 4 ) 


4tt 

or, since sin &i — 


2 2 

+ S 2 

Z\ 


- 1 - 




and sin #2 = 


+ 1 


22 


* = to 


Z2 


Zi 


%/W + s 2 7(^)2 + 8 i 




(sin 02 ~ sin ) 0 

47 rs 


^ VW + * 3 ’ 

(as in Eq. 5.35). 
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Problem 5.23 


d 


At = k=>B = VxA = i~(sA)z = -z; J = — (V x B) = - 

s as & mo fio [ as 




MO S* 


' 0- 


Problem 5.24 

V ■ A = — -V ■ (r x B) — — ^ [B ■ (V x r) — r • (V x B)] — 0, since V x B = 0 (B is uniform) and 

V x r = 0 (Prob. 1.62). V x A = - ~ V x (r x B) = -i [(B ■ V)r - (r ■ V)B + r(V ■ B) - B(V ■ r)]. But 

dx dv dz 

(r ■ V)B — 0 and V * B ~ 0 {since B is uniform), and V * r = — + — — h — — 1 + 14-1 = 3. Finally, 

ox oy dz 

(B-V)r = (b x ~ + B y ^ + (xx+yy + zi,) — B x 5t + By y + B z z = So V x A = - ^(B-3B) = B. 

qed 

Problem 5.25 

' (a) A points in the same direction as I, and is a function only of s (the distance from the wire). In cylindrical 

coordinates, then, A = A(s)z, so B = V x A = — ^ 0 — 0 (the field of an infinite wire). Therefore 

OS 2 7TS 


dA f_t 0 I 
&T " ~ 2rrs’ and 


AW = n{s/a)z 


look fishy). V ■ A = 


dA 


(the constant a is arbitrary; you could use 1 5 but then the units 


oz os 2ns 


(b) Here Ampere’s law gives B ■ dl — B2ns = Mo/enc — Mo J ns 2 — mo - ^ 

Mo^ 


— *2 = Ho 1 8- 
nR 2 R 2 


(io/s; dA mo/ a 


(s 2 — b 2 } z. Here 6 is again arbitrary, except that since A 


4ttJ? 2 

must be continuous at R , In (R/a) — - (A 2 ” & 2 )j which means that we must pick a and b such that 

2tt 47t/i^ 


2\n{R/b) = 1 - (b/R) 2 . Fll use a = b = R. Then A = < 


Mo/ f 2 


4 nR? 
Mo/ 


(s 2 — R 2 ) z, for s < R\ 


— In (s/R) z, for 5 > R . 
2tt 


Problem 5,26 

K^/fx + B = ± 


Mo K 


y (plus for z < 0, minus for z > 0). 


A is parallel to K, and depends only on z t so A = A(z) x. 

x y z 

B = V x A = d/dx d/dy d/dz 
A{z) 0 0 


dA „ ,Mo/^ - 

" a7 y “ ± ~2~ y - 


* MoA" I , * 
A = 1^| x 


will do the job — or this plus any constant. 



Problem 5.27 

(a) V ■ A = J ^ i~^) * ^ = -(V ■ J) +J ■ V . But the first term is zero, because J(r') 

is a function of the source coordinates, not the field coordinates. And since n, — r — r\ V = — V' ^ . So 
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So 


V — -J *V f . But V'. — ^(V'JJ+J^V' (”)’ an< ^ ^ ^ — 0 in magnetostatics (Eq, 5.31). 

V-Q = and hence, by the divergence theorem, V ■ A = - ^ J V' ♦ ^ dr' “ ” - da', 

where the integral is now over the surface surrounding all the currents. But J = 0 on this surface, so V A = 0. / 

(b) V x A = ^ J V x Q dr' = 0 J i(VxJ)-Jxv(i)] dr'. But V x J = 0 (since J is not 

a function of r), and V ( - ) = — % (Eq. 1.101), so V x A = — [ ^ ^ dr' — B. / 

J * * 4 4tv J 

(c) V 2 A = — ^ V 2 dr* . But V 2 = JV 2 (once again, J is a constant as far as differenti- 
ation with respect to r is concerned), and V 2 — — 4tt 6 3 (*) (Eq. 1.102). 

So V 2 A ^ ~ J J(r') [™4 tt5 3 W] dr* = -ju 0 J(r). / 


Problem 5.28 


Pol — B * dl = - J V(7 * dl — —[[/(b) — 17(a)] (by the gradient theorem), so [/(b) ^ [/(a), qed 

would do the job, in the sense that 


U=- 


Pol<f> 

2 tt 


For an infinite straight wire, B — <fi. 

2tt& 

-VU ~ ^^*V(0) “ ~~ 7^-7 0 = B. But when <fi advances by 2tt, this function does not return to its initial 

2tt 2tt s 0<p 

value; it works (say) for 0 < <f> < 2 tt, but at 27T it “jumps” back to zero. 

Problem 5.29 

Use Eq. 5.67, with R f and u — > pdf : 


pocop sin 0 2 

“3 

//fo w/> 

V 3 


f 


^ pOUJp . - 

r dr + — - — r sin 6 <j> 


r 


rdf 


) sin< A (t) + 5 (R2 “ r2 p = 


Mow p . / R 2 r 2 \ ; 

rsmfl | — - — J (f>. 


B = V x A = 


MoWp 


U 

{ r sn 

7— - —] 

A 3 5 ) 


d 


sin 9 09 


R 2 r 2 \ ( R 2 2 r 2 


iT^yj cos, ’ f 'U 


, . JR 2 r 2 \] . Id \ 2 . JR 2 r 2 \l -1 

V 3 5 )\ rdr [ \ 3 5 J\ ) 

) Sil 


sin 6 9 


. But p — 


(4/3)ttP 3 ’ 


PqcjQ 

4 ttR 


(l-|^)co s 8r-(l-|^) s i 


sin# 6 


Problem 5.30 

(a) ( dW > 


dx 


= F y => W z (x,y,z) - - J* F y (x\y,z) dx' + Ci(y,z). 


dW, 


dx 


» = F 2 ^W y (x,y,z) = +f*F x (x',y,z)dx' + C 2 (y,z). 


These satisfy (ii) and (in), for any C\ and C^\ it remains to choose these functions so as to satisfy (i): 
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*dF y & t y,z). , , dC! f x dF z ( X ',y,z) J ( 0C 2 


dF x dF y 8F Z 


o, U + w ~ X ““ST^ - Ti7 - *■■<*•»■*>• B “ l «f + w + HT = °' “ 

^ - F x{x,y,z) - F x (0,y, z), so 


-L 

0(7 0(7 

-r^- — ^ = F x {0,y,z). We may as well pick C 2 = 0 , Ci(y,z) = J F x (Q,y\z ) rfj/' , and we’re done, with 

W x = 0; W y = f F z {x\y,z)dx W z = T F x (0,y',z)dy' - T F y (x',y,z)dx'. 

Jo Jo Jo 


(dW z 

dW y \ * 1 

(d\V x 

dXVA 

\ * ( m y 

dW x \ 

\ dy 

- aj x+ l 

v dz 

dx , 

l y+ U* 

dy J 


FA 0 


.3/>z) - 

Jo 


X dF y (x',y,z) dx , _ r dF,{x',y,z) 
J o 




<9z 


x + [0 d- Fyfx.y, z)]y 4 - [FJz.S/,*) - 0]z. 


r x qp (x' v z\ 1 

But V ■ F = 0, so the x term is F x (0,y,z) + j - -■ ’ - dx ' j = 7^(0, y, z) + F*{x,y, z) - 7 ^( 0 , y, z), 


so V x W — F. / 


v-w = ?W^ + ^ = o + " 


. , f‘ BF.&.V,*) ^ , /’3f.(0i,>) J.., r dF s (x',y,z) a _, 

Jo dy Jo 


dx dy dz J 0 dy 

in general. 

/•* ry r 1 *,2 

(c) W y — x f dx 1 = — ; IF* = / y f dy' - zdx* = ™ - zx. 
7o ^ io jo 2 


<9z 


w =yy+(|--^) z. 

V x W = 

X 

djdx 

0 

y z 

d/dy djdz 

x 2 /2 (y 2 / 2 - zx) 

= yx + zy+xz = F. S 






Problem 5,31 

(a) At the surface of the solenoid, B a ^ ove = 0, Bbdow = z ~ /xq A £; n = s; so K x n = ~ A z. 
Evidently Eq. 5.74 holds* / 

(b) In Eq. 5.67, both expressions reduce to {froR 2 u)(?/$) sin0^ at the surface, so Eq. 5.75 is satisfied. 


8A 

dr 


fioR^wa 


R+ 




0 


2/XoAucr . ? 0A 

— r" 81 ” 9 * 


/XoAuJfX 


sin0$>* So the left side of 


K- 


Eq. 5.76 is -“/xoi&jtf sin#^. Meanwhile K — av = a ( oj x r) = aujRsm & so the right side of Eq* 5*76 is 
-fiQaujRsinO <j), and the equation is satisfied. 


Problem 5.32 

d JK, d -A. 

Because A a bovc = Ab e | ow at every point on the surface, it follows that — - and - 7 — are the same above 

ox dy 

and below; any discontinuity is confined to the normal derivative* 


■B above Bfoelow 

y 0 K(-y). So dA 


■(- 


dA 


V nbovc 


dA 


J/bclo 


Aabove * 3/beto-w 


dz 

dA„ 


dz 


0 * + ( 


dA x 


dA L 


dA 

and 


dz 


dz 


> 


But Eq. 5*74 says this equals 


dz dz dz dz 

ponent of A parallel to K suffers a discontinuity — /xq A, or, more compactly: 


= —fro A* Thus the normal derivative of the com- 


0 A a bove d A below 


dn 


dn 


= 


Problem 5*33 

(Same idea as Prob. 3*33*) Write m ~ {rn ■ r)r + (m ■ 0)9 — mcos^r — msin## (Fig. 5*54). Then 
3(m <f) r - m = 3m cos 6 f — m cos 0 r -b m sin 0 0 = 2m cos 0 r + msin 0 Q, and Eq. 5*87 Eq* 5.86* qed 
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Problem 5.34 



(a) m = 

/a = 

IttR 2 z. 


(b) B ss 

/7r f 2 (2 cos0f + sinks') . 
4tt r 3 \ / 


(c) On the z axis, 0 = 0, r = z, r = z (for z > 0), so 


Po/R 2 . 


(for z < 0, 9 — tt, r = — z, so the field 


is the same, with \z j 3 in place of z 3 ). The exact answer (Bq* 5.38) reduces (for z » R) to B & ^iqI R 2 J2\z\ 3 > 
so they agree. 

Problem 5,35 


For a ring, m = Iirr 2 . Here / avdr = uwrdr, so m — TrrVwr dr — tt(JC 4 jH 4 /4, 


Problem 5,36 

The total charge on the shaded ring is dq — a{2itR&iii9)Rd9. 
The time for one revolution is dt — 2tt/w. So the current 

in the ring is I = ~ = uuR? sinddB. The area of the ring 
dt 

is n(Rs\n9) 2 i so the magnetic moment of the ring is dm = 
(aojR 2 sin 9d9)nR 2 sin 2 0, and the total dipole moment of the 
shell is 

m — aunrR 4 f* sin 3 9 d$ = (A/tyaunrR?, or 


m = ~auR 4 z. 

O' 


The dipole term in the multipole expansion for A is there- 

fi 0 4tt 4 sin0- fioaujR 4 sin# - . 

fore A dip = — — frwfJ’- =-</> = - - —5- <P, which is 

4tt 3 3 

also the exact potential (Eq. 5.67); evidently a spinning sphere 
produces a perfect dipole field, with no higher multipole con- 
tributions. 



Problem 5,37 

The field of one side is given by Eq. 5,35, with s 

0 / 2 ) 


\Jz* + (m/2) 2 and sin 82 = — sin 81 — 

/ip/ 

4ir y 2 2 + (a,a/4)y« a + O a /2) 


2 ? = 


2’ 

. To pick off the vertical 


component, multiply by sin</> = 


0 / 2 ) 




; for all four 


sides, multiply by 4: 


B = 




w 


2n (z 2 + w 2 j A) \/z 2 + tu 2 /2 


z. 


jr 2 . - - 

z m, B ^ ^ - z. The field of a dipole m = Iw 2 , 


2kz 3 


For 


for 


points on the z axis (Eq. 5.86, with r — * z, r -> z, 0 = 0) is 
2tt z j 



Problem 5*38 

The mobile charges do pull in toward the axis, but the resulting concentration of (negative) charge sets up 
an electric field that repels away further accumulation. Equilibrium is reached when the electric repulsion on 
a mobile charge q balances the magnetic attraction: F — g[E + (vk B)] = 0=^ E--(vx B). Say the current 
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is in the z direction; J = p-vi (where and v are both negative). 

f B ■ dl = B 2ns = p 0 Jtts 2 => B = ^~ vs 


/ 


E ■ da — E2nsl — — (p+ + p_)7rs 2 / E = + p-)s s. 

to 2to 


2^(p+ + 0-)ss = - [(uz) x — 0)] = yp-u 2 ss => p+ + P- = p_(eo/xov 2 ) = P- 


Evidently p+ = — p_ 




or p_ = -7 2 p + , In this naive model, the mobile negative charges fill a 


smaller inner cylinder, leaving a shell of positive (stationary) charge at the outside. But since u«c, the effect 
is extremely small. 


Problem 5.39 


(a) If positive charges flow to the rights they are deflected down, and the bottom plate acquires a positive 
charge. 

(b) qvB — qE => E = vB => V = Et = with the bottom at higher potential. 

(c) If negative charges flow to the left, they are also deflected down, and the bottom plate acquires a negative 
charge. The potential difference is still the same, but this time the top plate is at the higher potential. 


Problem 5.40 

From Eq. 5.17, F = //(dl x B). But B is constant, in this case, so it comes outside the integral: F = 
I (/dl) x B, and / dl = w, the vector displacement from the point at which the wire first enters the field to 
the point where it leaves. Since w and B are perpendicular, F = IBw , and F is perpendicular to w. 


Problem 5.41 

The angular momentum acquired by the particle as it moves out from the center to the edge is 


L = J ~dt = J N dt = J(t x F) dt = j r x g(v x B) dt = q J r x (dl x B) = q ^j( T ' B) dl - j B(r ■ dl) 


But r is perpendicular to B, so r ■ B = 0, and r ■ dl = r * dr = “d(r ■ r) — ~d(r 2 ) = r dr = (1/2tt) (2tt r dr). 


So L = --2- f B2 jt rdr = f 
2tt Jo 2tt J 


B da. It follows that 




where $ = § B da is the total flux. 


In particular, if — 0, then L — 0, and the charge emerges with zero angular momentum, which means it is 
going along a radial line. qed 


Problem 5.42 

FYom Eq. 5.24, F = J(Kx B &ve ) da. Here K = crv, v = oj/isin 0 0, da = R 2 sin 5 d$ d4 > , and 
Have — 0 (B itl + B 0Ut ). Prom Eq, 5.68, 
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B in 

Bout 


B, 

K x B a 


-HouRuz = ~noc?Ru>(cosd i — sinf?#}. From Eq. 5.67, 

o o 


= V x A — V x 


( iiqR a u< 7 sin# fipR^wa 


A _ fipR 4 ucr I" 1 d /sin 2 #\ ^ 1 5 /sin#\ 

) 3 rsin # 80 \ r 2 ) r dr \ r ) 


* °^ f 3 — cos # r + sin # 6) = (2 cos # r 4- sin # 0) (since r — R ) . 

fioRjUJcr 


(4cos#r — sin# 6). 


= (ajjRsmO) 


( {ioRuja\ r - 


6 / 


0 x (4 cos # r sin#0)j = ^(<7u;/?) 2 (4cos# 0 + sin #f) sin#. 


Picking out the z component of 6 (namely, - sin#) and of r (namely, cos#), we have 
(K x Bave)^ — -~{au)R) 2 sin 2 #cos#, so 


F z — -~(aufR) 2 R 2 J sin 3 # cos # d$ d<j> = -^~{auR 2 ) 2 2 tt ^ 


jt/2 


j or 


F = -^(auR 2 ) 2 z. 


Problem 5*43 

(a) F = ma — q e (v x B) = x r); 

47 r 


f*o gegm t , 

a = T" x r ■ 

4tt mr 


(b) Because a X v, a ■ v = 0. But a v - i~(v ■ v) = = v ~r • So ~ = 0. qed 

2 ut 2 at dt at 


, \ dQ , \ , / ■, RoQeQm d ( r 

(c) _ = m(v X v} + m(r x a) - - 

£&QQe gm 


©=» 


. ^0 gegm r / i 

+ — — — [r x {v x r] - 


ge gm 


4tt 


{^v-(r.v W -I + i|(^)} = 


4tit 3 6 v ’ ~ J 4 tt 
A*ogcgm v _ (f ‘ v) f _ v r 2(r ■ v) 

4tt r r r 2r r 


( v r (ir\ 

r r 2 dt ) 


0. / 


(d) (i) Q ■ 0 = Q ( z - 0) = m(r x v) - 0 - ftogagm ^ ^ But ~ . 0 = r . 0 = 0, so (r x v) * 0 = 0* But 


dl 


4?r 


r = r r, and v = — ”fr + r## + r sin #00 (where dots denote differentiation with respect to time), so 


r x v = 


f 9 0 

r 0 0 

r r# r sin #0 


— (-r 2 sin#0) 6 + (r 2 #) 0. 


Therefore (r x v) ■ 0 — r 2 # = 0, so # is constant. qed 

(ii) Q * r = Q ( z ■ r) = m(r x v) f - (r * r). But z * r — cos#, and (r x v) X r => (r x v) - r = 0, so 

Qcos # = - ^ ° , or Q = - ~^Ta - since # is constant, so too is Q. qed 


47T 


4tt cos # 


(iii) Q 0 = Q(£0) = m(r xv)-6 - Mog^gm ^ But i-fl = - sin#, f -0 = 0, and (r x v) ■§ — -“r 2 sin#0 


4 TV 


(from (i)), so — Qsin# — — mr 3 sin#0 0 = with 


Q 


k _ Q_ _ _ Mogegm 


m 


4 Trm cos # 
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- (fc sin ejrf = 2 


I dr V _ r 2 _ v' 

\d<t>) ~ ~ (k 2 /r 4 ) . 

(f) [ — , = = = / 00 =>■ (f> - <j>o = sec -1 ( ; sec[(0 “ M sin 0j = 

J J sm * Usm ^ 


/ vr \ 2 . 2 nl ^ r //^r\ 2 . 2 /3 

(t) - Sffl 1 ; rmr^ 


t/r 


sin 0 1 


or 


r{ 4 ) = 


cos[(0 — 0o ) sinf?] ’ 


. . ii 0 q e q m ta.n8 

where A = t — ■ 

4tt mv 


Problem 5-44 

Put the field point on the x axis, so r = (5,0,0). Then 

B = — [ 1K * da] da = Rd 4 dz ; K = K 4 = 
4 tt y ^ 

K(- s\n<px + cos$y);^ = (s - Rcos<p) x - Rsinfiy - zz. 

x y z ' 

K x 't = JC — sin^ cos0 0 

( s - Rco$4>) {- Rsm<f > ) (-z) 

K [(-2 cos 4 >) x 4- (—z sin $) y + (R - 5 cos <f>) z] ; 

i 2 “ z 2 +f£ 2 +s 2 — 2Hs cos^. The z and y components integrate 

to zero (z integrand is odd, as in Prob* 5/17). 


B* 


= —KR f 
4 tt J 



fio KR 
4 n 


(R — s cos c£) 

(z 2 + R 2 +s 2 ~ 2 Rs cos 4 >)y 2 

dz 


d<f> dz 


/ 2st f 

(A — s cos 0) | J 


( z 2 + <py/ 2 


} d4, 


where d 2 = R 2 + s 2 — 2 Rscos 4 • Now 
Vo KR f 2 * ( R-scos 4 ) 


r 


dz 


2z 


/ / p2 . 2 9 o (/i-SCOS0) = -^[( J R 2 -S 2 ) + (fl 2 + S 2 ~2fi S COS0)]. 

2 tt J o (-R 2 + s 2 - 2it5COS0) 2/t 


_ PqA 
4 tt 

2,r d4 
0 a + b cos <j> 


f 

(R 2 - s 2 ) / 

= 2 r_ ^ 

Jo a 


(*2+02)3/2 d 2 \/*2 +(p 

1 


oo 2 

0 0 2 


00 


— — + / eta 

(i^ + s 2 -2J?s cos 0) Jo 


4 \/a 2 - b 2 tan(^/2) 

— = — ; ■■ tan — — 

+ b cos <j> \/ a 2 - b 2 a + 6 


Va 2 - b 2 


tan 


-i 


Va 2 — b 2 tan(/r/2) 
a + b 


\f a 2 


/ 7T \ _ 2tt 
\2 / " - ^ 


. Here a — R 2 4- s 2 , 


t = - 2 J? 5j SO a 2 _ b 2 = + 2 jj 2 s 2 + fi 4 _ 4 fi 2 g 2 = R 4 _ 2 fi 2 s 2 + ,.4 = (fl 2 _ ^2 _ ^2 = |Jj 3 - d 2 | 


B z - 


PoA' (A 2 - .s 2 ) 

4jt [ |A 2 - s 2 [ 


2tt + 2tt 


PoA' / A 3 - a 2 \ 

vi^ 2 -s 2 i r 


Inside the solenoid, s < R, so B z = ^—(1 + 1) — (j.qK. Outside the solenoid, 5 > A, so B z — — - (—1 + 1) — 0. 


Here K = n I, so B = f^nl z (in side), and O(outside) (as we found more easily using Ampere’s law, in Ex. 5.9). 
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Problem 5.45 

Let the source point be r' = Rcos<j)x — iisin0y, and 
the field point be r = R cos Ox + i?sin#y; then ^ = 
R [(cos 0 — cos 0) x + (sin 9 + sin 0) y] and dl = R sin 0 d<j> x + 
R cos 0 d<j> y ~ R d0{ sin 0 x + cos 0 y ) ■ 


dl x ^ 


J? 2 d<p 


X 

sin0 

(cos 0 — cos 0) 


y z 

COS 0 0 

(sin 9 + sin 0) 0 



B 


R * 2 (sin 0 sin 9 Hr sin 2 0 - cos $ cos 0 + cos 2 0) d0 z 

/£ 2 ( 1 + sin# sin 0 - cos# cos 0) d0z = R 2 [1 - cos(# + 0)] d0z. 

Pq/ f dl x ^ 5 f" [1 - cos(# + 0)] ^ * f n d0 

4x J ,3 4tt 7o [2iJ2 - 2fi 2 cos(0 + 0}] 3/2 4 tt ( 2J C 2 2 ) 3 / 2 Z / 0 ^/l _ cos(0 + <£) 


im>i i r # 

&y/2nR X Jo v / 2sin({0 + 0)/2] 


16ttH 


2 In 



Bxi? 


In 


tan f^ 51 } 

“MIT 


z. 


Problem 5.46 

(a) From Eq. 5.38, 


n VoIR 2 \ 

r 1 , i i 

h 

— ~1 

{ [if 2 4- (d/2 + z) 2 f 2 [if 2 + (d/2 - z) 2 j 3/2 J 


6B_ 

dz 


dB 


dz 




fiplR 2 ( (-3/2)2(d/2 + z) + (-3/2)2(d/2-z)(-l) | 
2 \[ii 2 + (d/2 + z} 2 ] 5/2 [& + (d/2 - z) 2 f 2 J 

3/ipJfl 2 f -(d/2 + z) (d/2 - z) 1 

2 \ [K 2 + (d/2 + z) 2 ] 5/2 + [R 2 + (d/2 - z) 2 f /2 } ' 


3 noIR 2 
2 


-JJ1 ] J / 2 ] Q 7 

[if 2 + (d/2) 2 ] 5/2 [if 2 + (d/2) 2 ] 5/2 j 


(b) Differentiating again: 


d 2 B 

!h? 


d 2 B 


dz 2 


2=0 


B(0) 


3^c/if 2 r -1 -(d/2 + z)(-5/2)2(d/2 + z) 

2 l [ip + (d/2 + z) 2 ] 5/2 + [if 2 + (d/2 + z ) 2 ] 7/2 
, -1 | (d/2-z)(-5/2)2(d/2-z)(-l) i 

^ [if 2 + (d/2 - z) 2 ] 5/2 [if 2 + (d/2 - z) 2 ] 7/2 * 

3/jqJJ^ 2 f —2 2(5/2)2(d/2) a 2 1 _ 3;x 0 iif 2 / _ r2 _ #_ + 5d^\ 

2 \ [R 2 + (d/2) 2 f /2 + [R 2 + (d/2) 2 ] 7/2 j [if 2 + (d/2) 2 ] 7/2 \ 4 4 J 


ifl ° IR - - rF2 (d 2 - R 2 ) 

[if 2 + (d/2} 2 ] 7/2 

/Joiff 2 [ 1 

2 \ [if 2 + (R/2) 2 f /2 


Zero if 


d — R, 


in which case 


[R 2 + (R/2) 


Rj2) 2 f /2 \ RqIR 2 (5if 2 /4) 3 / 2 


Sfiol 
5 WR' 
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Problem 5*47 

(a) The total charge on the shaded ring is dq — a{2i:r) dr. The 
time for one revolution is dt — 2 tt/d. So the current in the ring 
do 

is I — — “ our dr. Prom Eq, 5.38, the magnetic field of this 
dt 

Mo r 2 

ring (for points on the axis) is dB — -~-oujr—- dr z, 

2 ( r 1 + z i yi A 

and the total field of the disk is 


B =r 


Hq<7UJ 


f 

Jo 


r 3 tir 


z. Let u = r 2 t so du — 2 rdr. Then 


( r 2 + ^ 2 ) 3/2 


flQdUf 


u du 

/u + 2 z 2 \l 

fl 2 


r(* 2 + 2 z 2 ) „ i 

7 

(u + z 2 ) 3 / 2 4 

. \\/u + Z 2 /_ 

0 

2 

V/i 2 + z 2 J 

JLl ir 


(b) Slice the sphere into slabs of thickness t> and use (a). Here 
t = 1^(^005 0)1 = RsmOdO ; 

u -4 pt — pRsinOdd] R -4 f?sin0; z z — i£cos0. First 
rewrite the term in square brackets; 


{R 2 + 2 z 2 ) 

VR 2 + * 2 


-2z 


= 2 




2(fl 2 + z 2 ) _ J? 2 

VW +7 2 Vtf 2 + z 2 


fl 2 / 2 
\AR 2 + z 2 


- 2z 


+ z 2 


But fl 2 + z 2 ii 2 sin 2 61 + (z 2 - 2/iz cos 8 + R 2 cos 2 0) = R 2 + 
z 2 — 2Rzcos8. So 



B z = 




! / si 

JO 


sin 0 d0 


\/ii 2 + z 3 -2i?zcos6i- 


(il 2 /2) sin 2 e 


\i fi 2 + z 2 — 2iiz cos 8 
Let u = cos#, so du = — sin 8 d8\ 8 : 0 —> n => u : 1 — > — 1; sin 2 8 = 1 — u 2 . 

(fl 2 /2)(l-u 2 ) 


— (z ~ /icos#) 


= p 0 pRu 


L 


! 2 4- z 2 — 2Rzu 7 ~ \ ' - — z + Ru 

V^ 2 + z 2 - 2Rzu 


du 


I l 2 


= popRu} |/i — — (/2 — h) ~ h + h 


h = 


/ I ___ 1 

y/R 2 + z 2 — 2 Rzudu = - 7-— ( R 2 + z 2 - 2 Rzu) 

ottz 

= [{fl 2 + z 2 - 2 Rzf n - {. R 2 + z 2 + 2Rz) 3 ' 


3Rz 

( z 3 - 3 z 2 R + 3 zR 2 - R 3 


-1 

1 

3 Rz 


[(z ~ R ) 3 - (z + fi) 3 ] 


z 3 - 3 z 2 R - 3 zR 2 - R 3 ) - ^(3z 2 + R 2 ). 


-i: 


i 


, du = — — - y/R2 -J- ^2 _ 2iizu I — — T [(* — -R) — (z + #)] = "• 

Vi? 2 + z 2 - 2/?zu Rz 1-1 Rz 1 z 
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-i: 


VR 2 +Z 2 - 2Rzu 


du 


1 


60 R 3 z* 


[S(fi 2 + z 2 ) 2 + 4 {R 2 + z 2 ) 2 Rzu + 3(2 Rz) 2 u 2 ] \fW 2 4- z 2 - 2 flzu 


X 

“1 


- 60J ^3 { [8(ii 2 + Z 2 ) 2 + 8 Rz(R 2 + z 2 ) + 12 R 2 z 2 } (z - R) 

- [8(J? 2 + z 2 f - 8 Rz{R 2 + z 2 ) + 12 R 2 z 2 ] (z + fi)} 

{z[\QRz{R 2 + z 2 )] - R[16{R 2 + z 2 ) 2 + 24 R 2 z 2 ]} 

16R (fiV + z* -R 4 - 2 R 2 z 2 -z 4 ~ 

( — ^/£ 2 z 2 ~ ^i? 2 + ^z 2 ^ ■ h — z j du = 2z\ If, = R j udu = 0. 


60 i? 3 z 3 
4 

" 15J? 2 z 3 

B z = [ioRpu> 


2 2 R 2 2 fi 2 4 

_ (3 ^ + ^)- t - + t _ 




„ ( 2R 2 R 2 2R 4 R 2 

- (M) Rp U ^2z+ — - — + — + — 

2R 5 „ t 0 

= BUM= (V3)^ 


-2zj 


J so 


HoQuR 2 . 

B = ^o^ z ' 


Problem 5,48 
B 


= f 4 = — Kco$0x + (y — Rsin<p)y + z 2. (For simplicity I’ll drop the prime on <p.) 

4 7T J 

nJ — it 2 cos 2 sp y 1 — 2Ry sin $ + /i! 2 sin 2 <p + z 2 = R 2 + y 2 + £ 2 - 2ify sin 0. The source coordinates (x\ y^z 1 ) 
satisfy x* ~ .Rcos^ => dx 1 = —Rsm (pd<p; y* — /Esin0 =s> dy 1 — ficos 0 d 0 ; 2 / = 0 dz' = 0, So dl 1 = 
— R sin 0 dtp x + R cos <pd(py> 

x y z 

— (Rz cos 0 d0) x + (Rz sin 0 d<p) y + (-Ry sin <p d<p + R 2 d<p) 2. 


d\ f x4- 


— i?sin0d0 Kcos0d0 0 

“jRcos0 ( y — Rsm<p) z 


Bx — 


fiftlRz 


r 2n 

Jo 


COS (p dtp 


fioIRz 1 


^ Jo (R 2 + y 2 + ; z 2 — 2Ry sin 0) 3 ^ 2 ^ y/R 2 +y 2 +z 2 — 2 Ry sin <p 


2* 


= 0, 


since sin0 = 0 at both limits. The y and z components are elliptic integrals, and cannot be expressed in terms 
of elementary functions. 


R - ft. B - PoIRz 

l' 27t sin0 d<p ^ fio IR 

f 2n (R-ysin<p)d<p 

B x - 0 , By- ^ J 

o (R 2 +y 2 + z 2 - 2 Ry sin ^ J 

o (R 2 + y 2 + z 2 — 2 Ry sin 0) 3 ^ 2 


Problem 5.49 


Po/i f dli ^ ^ 


FVorn the Biot-Savart law, the held of loop #1 is B ~ ~~~ ^ the force on loop #2 is 

4tt J l 

dl '2 x (dli x i) 


= I 2 ^dl 2 xB = jf ■ 


Now dls x (dli x i) — dli(dl 2 -&) — i(dli * dla), so 
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F = -^-hh 
4tt 




The first term is what we want. It remains to show that the second term is zero: 

*= {x 2 - zi) x + {y 2 - Jfi) y + (z 2 - Zi) z, so V 2 (l/'!-) = [(x 2 - xi) 2 + (y 2 - yij 2 + (z 2 - ^i) 2 ] 


=1- I/2 X 


+ [(S2 - Si) 2 + (3/2 - J/l) 2 + (*2 - ^l) 2 ]“ 1/2 y + J~ [(s 2 - Si ) 2 + {y -2 - t/l ) 2 + (z 2 - Zif] 


dy 2 


dz% 




. IS^Sl V, (1) ■* - 0 to Corollary 

2 in Sect, 1,3.3). qed 

Problem 5,50 

Poisson’s equation (Eq. 2.24) says V 2 F p. For dielectrics (with no free charge), p b = -V • P 

<=o 

f P f r' ) * 

(Eq. 4.12), and the resulting potential is V(r) = ----- j — dr*. In general , p = eo^ * E (Gauss's law), 


so the analogy is P -> —eoE, and hence 


v u = ~U 


1 f E(r') ■ i 


dr 1 , qed 


[There are many other ways to obtain this result. For example, using Eq. 1.100: 

V ■ = -V' ■ = 47t5 3 (4) = 4tt 5 3 (r - r'), 

V(r) = j V{r')6 3 (r - r') dr' = VtfV ■ (j) dr' = d. / J . [V'V(r')] dr' - ±.fv(v')± ■ da' 


(Eq. 1.59). But V'V(r') = -E(r'), and the surface integral -)■ 0 at oo, so V(r) = - — J 
before. You can also check the result, by computing its gradient — but it’s not easy.] 

Problem 5.51 


1 [E(r')-* 


dr', as 



(d, B = g* B(Ar) = gL 


.0; A = -~(r X 0) J X^dX = ~^”( r x 4>)‘ But r here is the 

vector from the origin— in cylindrical coordinates r = ss + rz. So A = ^2 tts [ s ^ x <?) "F x <£)]t an< ^ 
(sxtp) — z, (z x 0) = — s. So 


The examples in (c) and (d 


* Wf, - 
A = - — (z s - sz. 
27TS ' 


happen to be divergenceless, but this is not the case in general. For (letting 


L = / 0 l AB(Ar)dA, for short) V * A = -V ■ (r x 1) = — [L ■ (V x r) — r ■ (V x L)] = r • (V x L), and 
V x L - /J A[V x B(Ar)] dA - £ A 2 [V a x B(Ar)] dA = p 0 /q A 2 J(Ar) dA, so V ■ A = p 0 r - fo A 2 J(Ar) dA, and 
it vanishes in regions where J = 0 (which is why the examples in (c) and (d) were divergenceless). To construct 
an explicit counterexample, we need the field at a point where J 0 say, inside a wire with uniform current. 
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Here Ampere's law gives B2ns — fiohnc — Mo dirs 2 ^ B — so 


A = — r x [ X ( L}^L \ Xs<pdX — — ^-^s(r x <J) = " (2 s — sz), 

Jo \ 2 / 6 6 


Mo Js 




/W 

6 


(; 2s2 ) = 


^ 0 J2 


/0. 


Con elusion: 


(ii) does not automatically yield V ■ A = 0. 


Problem 5.52 

(a) Exploit the analogy with the electrical case: 


E = 

B = 


1 1 [3(p-?)f-p] (Eq. 3.104) = -W, with V = — ^ (Eq. 3.102). 


Air to r 3 
Mo J. 

4tt r 


Ak€q r 2 


3 [3(m • f) f - m] (Eq. 5.87} = - VU y (Eq. 5.65). 


Evidently the prescription is p/e 0 -+ Moni : 


t/(r) = 


Mq m ■ r 
4?r r 2 


(b) Comparing Eqs. 5.67 and 5.85, the dipole moment of the shell is m = (4tt/3)uj<7.R 4 z (which we also got 
in Prob. 5.36). Using the result of (a), then, 




fiQuaR 4 cos 9 


for r > R. 


Inside the shell, the field is uniform 
as well pick the constant to be zero, so 


Eq. 5.38): B = Imq^^z, so U(r) — — ^p^auRz + constant. We may 

for r < R. 

: ?7in(^) = -|mo^J? 2 cos 0 ^ Uout(^) = 


£/(r) — — now Rr cos Q 


[Notice that £/(r) is not continuous at the surface (r — R 
^fio<JuR 2 cos 9. As I warned you on p. 236: if you insist on using magnetic scalar potentials, keep away from 
places where there is current!] 

(c) 


B = 


Mo wQ \( 3r 2 \ / 6r 2 \ , 

V 5R 2 ) C ° s6r ( SR 2 ) hl 


au 

d(f> 

idu 

r dd 

au 

dr 


4jrJ?llV 5i?V 
= 0 => U{r,e,4>) =U(r,6). 

( ^ 6 r 2 \ 


sin 86 


„ rr au . i au & i au 2 

dr r d0 rsinO d<j> V 


00- 

V 4 J) 0 - 


v 4 t rtf ) V* 5ii 2 J 
_ f twQ } f 1 _ 3r 2 ^ 


}sin «^t/(r,8) = -(^f 


) ( 1 -¥)” 0S<, + /W - 


5ipJ cosl>*mr,0) =-(!%£ 




Equating the two expressions: 

( mo^Q 


V 47 ri? 


)0-s 


v 


cos# + f(r) — — 


f m uQ 

l 4 t tR 




or 


(s¥) r>cose+/(r)=! ' (9) ' 
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But there is no way to write r 3 cos# as the sum of a function of 9 and a function of r, so we're stuck. The 
reason is that you can't have a scalar magnetic potential in a region where the current is nonzero. 

Problem 5 >53 

(a) V • B = 0, V x B = fi 0 3, and V ■ A = 0, V x A = B => A = ™ f i dr', 

4tt J \ 

V - A — 0, V x A = B, and V W — 0 (we'll choose it so), V x W = A 


so 


W 


= ^ / - dr\ 
4 ? t J v 


(b) W will be proportional to B and to two factors of r (since differentiating twice must recover B), so I’ll 
try something of the form W = ar(r - B) + /3r 2 B, and see if I can pick the constants a and (3 in such a way 
that V ■ W = 0 and V x W — A. 

fi-np 

V ■ W = a [(r ■ B)(V ■ r) + r ■ V(r ■ B)j + 0 [r 2 (V B) + B V(r 2 )] . Vr = — + -^ + — = 1+1 + 1= 3; 

ox ay oz 

V(r B) — r x (V x B) + B x ( V x r) 4- (r ■ V)B 4- (B - V)r; but B is constant, so all derivatives of B vanish, 
and V x r = 0 (Prob. 1,62), so 


( & 3 3 \ 

V(r-B) = (B ■ V)r = + B y — + B £ —j (arx + yy + zi) = B x x + B v y + B t z = B; 

( 3 3 3 

V(r 2 ) - f x— + y y + z— J (x 2 + y 2 + z 2 ) = 2xx + 2y y + 2zz = 2r. So 

V ■ W = a [3(r ■ B) + (r ■ B)] + 0 [0 + 2(r ■ B)J = 2(r ■ B)(2a + 0), which is zero if 2a + 0 = 0. 

V x W — q [{r ■ B)(V x r) - r x V(r ■ B)] + 0 [r 2 ( V x B) - B x V(r 2 )] = a [0 - (r x B}] + 0 [0 - 2(B x r)] 

= -(r x B)fo — 20) = -^(rxB) (Prob. 5.24). So we want a — 20 = 1/2. Evidently a — 2{— 2a) = 5a = 1/2, 


or a — 1/10; — —2a — “1/5, Conclusion: 


W=~[r{r-B)-2r 2 B]. 


(But this is certainly not unique,) 


(c) V x W = A =s> /(V x W) - cfa = / A • *l Or f W - d\ = 
f A ■ da, Integrate around the amperian loop shown, taking 
W to point parallel to the axis, and choosing W = 0 on the 
axis: 

-Wl = J Isds = y (using Eq. 5.70 for A). 


W = -^-z 


1 


For s > R, -Wl = 


(s < R). 

HonlRH _ f (to nl\ R 2 , J= _ n 0 nIR 2 l , n 0 nIR 2 l 


f 

Jr 


i — — i — Ids = 

\ 2 J s 


\n(s/R); 


W = - [1 + 2 In(s/B)] z 


(s > R). 


Problem 5*54 

Apply the divergence theorem to the function [U x (V x V)], noting (from the product rule) that 
V [U x (V x V)] = (V x V) ■ { V x U) - U ■ [V x (V x V)]: 

j V ■ [U x (V x V)] dr = J {(V x V) • (V x U) - U • [V x (V x V)]} dr = / [U x (V x V)] - da. 

As always, suppose we have two solutions, B* (and Ai) and B2 (and A2)- Define B 3 ^ B2 — Bi (and 
A3 = A2 — Ai ), so that V x A3 = B 3 and V x B 3 = V x Bj - V x Bj = ^qJ ~~ /*oJ — 0* Set U = V = A3 
in the above identity: 
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j {(V x A 3 ) ■ (V x A a ) - A 3 ■ [V x {V x A 3 )]} dr = J {(B 3 ) ■ (B 3 ) - A 3 ■ [V x B 3 ]} dr = j {Bf) 2 dr 

— [A 3 x (V x A 3 )] ■ da = j>{A z x B 3 ) ■ da. But either A is specified (in which case A3 = 0 ), or else B is 
specified (in which case B3 = 0 ), at the surface. In either case j>(A3 x B3) ■ da = 0 . So / (B3) 2 dr = 0, and 


hence B x = Ba- qed 



(a) / = - - ^ a — nR 2 \ m — ^-nR 2 z = z, L — RMv — — MljR 2 z. 

(2tt J uj j 27t 2tt 2 


m Q cjR 2 _ Q 
~L ~ 2 MwiJ 2 “ 2 M' 


m= Qs) 

|L, 

and the gyromagnetic ratio is 

J 2 M 


(b) Because g is independent of R, the same ratio applies to all “donuts”, and hence to the entire sphere 
(or any other figure of revolution): 


9 = 


Q 


2M 


e h _ eh _ (1.60 x 10~ 19 )(1.05 x 10“ 34 ) 
^ m “ 2m 2 “ 4m “ 4(9.11 x 10“ 31 ) 


4.61 x 10 -24 Am 2 . 


Problem 5*57 

(a) B aV e = 


l— [ 

( 3 / 4 j 


B dr = 


47rit! 3 


/ a * 


da = — 


3 mo 
4tt 


J(V X A) dr = 

j{S\ iT '} * d a = 


— — -\a-- ^ [ J x | J> - dal dr 1 . Note that J depends on the 
(4 t r) 2 R 3 J [J * J 

source point r', not on the field point r. To do the surface 
integral, choose the (x, y y z) coor dinates so that r J lies on the 2 
axis (see diagram). Then £ — y/R 2 + (z') 2 - 2Rz' cos& } while 
da = R 2 sin d d& dtp t . By symmetry, the x and y components 
must integrate to zero; since the £ component of f is cos 6 , we 
have 



109 



'/ 


COS# 


y/W + (z') 2 - 2Rz'co&8 

Let u = cos 8, so du — — sin 9d6. 

n / ti 

2 'kR 1 z 


i? 2 sin Q dO d$ = 2 ti\R 2 z 


9o 


cost? sin (? 


^.R 2 + (z') 2 - 2Rz' cos 0 


:<W. 


*i: 


-l y/W + ( 2') 2 ~ 2 * 2*1 


tin 




-i 


27 T.R 2 z 


^ { [R 2 + {z’f + Rz 1 ) y/W + (z') 2 ~ 2Rz' - [ R 2 + (z 1 ) 2 - Rz’] y/WTl^f + m?} 


2tt 


^ { [R 3 + (z 1 ) 2 + Rz 1 ] \R - z 1 1 - [R 2 + {z') 2 - ^'] (* + *')} 


L3(z') 2 

4tt , ^ 4tt , 

y zz = y r - 


(r 1 < R) ; 


4-kR 3 _ 4tt R :! , , 

z =^vn r ’ ( r >jR )’ 


3(z') 2 


3 (r') a 


For now we want r' < R , so B av e — — y J ^ X dT< = ~ 4^^ J ^ X ^ T ' ^ ow m “ 5 /t r x *0 

(Eq. 5.91), so B ave = qed 

(b) This time r' > R, so B ave = -J^^-R 3 J (j x dr' - ^ j dr', where * now goes 

from the source point to the center = — r 1 ). Thus B^e = Been- qed __ 

Problem 5*58 

4tt j 

(a) Problem 5.51 gives the dipole moment of a shell: m — -r~auR 4 z, Let R -> r, cr — > pdr, and integrate: 

ij 


4rr _ f R 4 J 4tt J ? 5 _ 
m — — up z / r dr = — uj/j— z. 
3 Jo 3 5 


But p = 


Q 


(4/3)t tR 3 ’ 


SO 


in = -QuR 2 z. 
D 


(b) B ave - - H 3 


Mo 2Qu) „ 
47 t 5 R 


, s * ^ Mo msin^ - 

(c) a -4V-W-' !> = _ 

(d) Use Eq. 5,67, with R 


fio QuR 2 sin # ^ 


4 7T 


4>- 


r, a 


pdr , and integrate: 


, /ioLjpsin#^ 

A - — r—— =- 0 




r 4 dr — 


Pquj 3Q sin # R 5 - _ 


3 4ttH 3 r 2 5 


0 = 


po Qu/i? 2 sin# 7 


4tt 


0* 


This is idenfeaf to (c); evidently the field is pure dipole, for points outside the sphere. 

r / ™ <> \ / f 


(e) According to Prob. 5.29, the held is B = 


PqwQ 
4 nR 


{ i ~S) cosei 




sin 0 9 


The average 
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obviously points in the z direction, so take the z component of r (cos0) and 0 (— sinf?): 
HqwQ 


4nR (4/3 )irR 3 

hi 


/ [0 " D?) cos ^ + 0 ■ &) sin2fl ] * ****&** 


3^0 WQ r \(^_ _ 3 j? 5 \ 

5 5R 2 ) 


(4rrfi 2 ) 2 
SfipujQ p3 
Stt/? 4 
Mo uQ 


cos 2 0 + 


(T~!^) sin2 ' ,|sin<Mfl 


R* f cos 2 8 + T sin 2 s'] sin 8d8 = T /" (7 + 9 cos 2 0) sin 8 dd 

Jo \75 75 ) Sir R 75 J 0 K ' 


2007rii 


(—7 cos0 - 3 cos 3 9) 


fiouQ . (jqljQ 


20071-7? 


( 20 ) = 


8nR 75 

(same as (b)). / 


IOttT? 


Problem 5.59 

The issue (and the integral) is identical to the one in Prob. 3.42. The resolution (as before) is to regard 
Eq. 5,87 as correct outside an infinitesimal sphere centered at the dipole. Inside this sphere the field is a 
delta- function, A5 3 {r), with A selected so as to make the average field consistent with Prob. 5.57: 


B ‘- = wslrf / AS ‘ M dT = = Sir =► A - The “* ded te ™ is 


2flQ 


m<5 3 (r). 


Problem 5.60 

(a) I dl J dr, so 


A = ^ / (r') n P n (cos0)JdT. 

n— 0 J 


(b) A rnon — 


MG 


/ Jdr = s 


dp 


4ttt J 4nr dt 

tosiafics, p is constant, so dpjdt — 0, and hence A mon — 0. qed 
(c) m = /a — §(r x dl) m = \ /(r x J) dr. qed 


(Prob, 5,7), where p is the total electric dipole moment. In magne- 


Problem 5.61 

For a dipole at the origin and a field point in the xz plane (<f> — 0), we have 


B = tpL III (2 cos 9 f + sin $ 0) = y- ^ [2 cos 0(sin Bit- 1- cos 9 z) + sin 0(cos 9 x — sin 9 z)] 
4 t rr 3 4irr 3 J 

= ^ [3 sin 9 cos 0 x + (2 cos 2 6 - sin 2 9) z). 

4tt r j 


Here we have a stack of such dipoles, running from z — 
-L/2 to z — +L/2. Put the field point at s on the x 
axis. The x components cancel (because of symmetrical- 
ly placed dipoles above and below z = 0), leaving B = 


Mo 

4tt 


2Mz 


l 


L/ 2 (3 cos 2 0-1) 


dz , where M is the dipole mo- 


ment per unit length: m — ItvR 2 — (ovh)irR 2 = ouRnR^h => 


( . m • 3 , T . a s 1 sin 6 6 

M =■ — = , Now sm0 = so — — - — r— ; 


2 = 


— scot 6 dz — 


sin 2 9 


dB . Therefore 



1X1 


B = 


But sin O m 


[9m 

^-(itauR 3 ) z / (3 cos 2 0 — 1) 

* (- cos 3 # + cos 


sin 3 0 s 
s 3 sin 2 0 
fl ™ {iqcfu>R 3 

?r/2 


/ioowl? 3 . 
~2^~ 


fVm 

d$ = 2 / {3 cos 2 # — 1) sin 0 d# 

«/tt/2 


2s2 cos 0 m (l - cos 2 8 m ) z = P ° 2 ^ ~ cos 0 m sin 2 0 m z. 


. — , and cos(? m — = L l so 

+ (i/2p ^s 3 + (£/2) 2 


B = 


fj,Qau;R 3 L 

' 4 [ s 2 + ( L / 2) 2 ] 3 /2 


2 , 


